Following the construction described in [1], we use the rational map ansatz to construct analytically some topologically non-trivial solutions of the generalised SU (3) Skyrme model defined by adding a sixth order term to the usual Lagrangian. These solutions are radially symmetric and some of them can be interpreted as bound states of Skyrmions. The same ansatz is used to construct low-energy configuration of the SU (N ) Skyrme model.
the SU(2) model can be well approximated by using an ansatz that involves the harmonic maps from S 2 to S 2 . The harmonic map describes the angular distribution of the solution while a profile function describes its radial distribution. This construction was later generalised [12] for the SU(N) model using harmonic maps from S 2 to CP N −1 . Moreover, it was shown that using a further generalisation of this ansatz one can construct exact spherically symmetric solutions of the SU(N) Skyrme model.
The same method was also used in [13] to construct solutions of another SU(N) 4th order Skyrme model. In this paper, we use the same generalised ansatz to construct solutions of the sixth order SU(3) Skyrme model and low-energy configurations of the SU(N) models defined in [14] .
The sixth order Skyrme model
The Skyrme model is described by an SU(N) valued field U( x, t) which, to ensure finiteness of the energy, is required to satisfy the boundary condition U → I as | x| → ∞,
where I is the unit matrix. This boundary condition implies that the three dimensional Euclidean space on which the model is defined can be compactified into S 3 and as a result, the Skyrme field U corresponds to mappings from S 3 into SU(N). As π 3 (SU(N)) = Z each configuration is characterised by its winding number, or topological charge, which can be obtained explicitly by evaluating the expression
where R µ = (∂ µ U)U −1 is the right chiral current. Skyrme's ideas was to interpret the winding number associated with these topologically non-trivial mappings as the baryon charge.
The generalised sixth order Skyrme model is defined by the Lagrangian The Euler-Lagrange equations derived from (2) for the static solutions are given by
and the following inequality holds for every configuratioñ
The multi-Skyrmion solutions of the SU(2) Skyrme model have been studied in [14] where it was shown that they have the same symmetry as the pure Skyrme model. It was also shown that the harmonic map ansatz gives a good approximation to the solutions.
In the next section we describe the harmonic map ansatz. In the third section we prove that due to a constraint coming from the sixth order term, the multi-projector harmonic map ansatz provides exact solutions only for the SU(3) generalised model. We then show that one can nevertheless use the ansatz to construct low-energy configurations of the SU(N) models. In the fourth section we look at these configurations for the SU (4) model, while in the last section we look at some special ansatz for the SU(N) model.
Harmonic map ansatz
The rational map ansatz, introduced by Houghton et al. [11] is a generalisation of the hedgehog ansatz found by Skyrme [2] , to approximate multi-Skyrmion solution of the SU(2) model. The ansatz was later generalised by Ioannidou et al. [1] to approximate solutions of the SU(N) Skyrme model using harmonic maps from S 2 into CP N −1 . This generalised ansatz is given by
where r, θ and ϕ are the usual polar coordinates. The profile function f (r) must satisfy the boundary conditions f (0) = π and lim r→∞ f (r) = 0 and P (θ, ϕ) is a projector in C N which must be a harmonic map from S 2 into CP N −1 or equivalently a classical solution of the 2 dimensional CP N −1 σ model. These solutions are well known [15, 16] and to construct them it is convenient to introduce the complex coordinate ξ = tan(θ/2)e iϕ which corresponds to the stereographic projection of the unit sphere onto the complex plane.
In these coordinates, P must satisfy the equation
and the solutions of that equation are given by any projector of the form
where h ∈ C N is holomorphic ∂h ∂ξ = 0.
The topological charge for the ansatz (5), with the prescribed boundary conditions for f (r), is given by the winding number of the S 2 → CP N −1 . This winding number which is itself given by the degree of the harmonic function h [15, 16] which must then be a rational function of ξ.
To approximate a solution, one plugs the ansatz (5) into the energy (2) and notices that if P satisfies (6), the integration over the polar angles and the radius decouple. One then has to minimise the integral over the polar angles of an expression which depends only on P . Taking for P the most general harmonic map of the desired degree, one then has to find the parameters of the general map which minimise that integral. Having done this, the profile function f is obtained by solving the Euler Lagrange equation derived from the effective energy.
A special case of this construction is the so-called hedgehog ansatz for the SU(2) model corresponding to one Skyrmion. In this case, we have h = (1, ξ) t and after inserting (7) into (2) the energy reduces to
and the equation for f is given by
This actually corresponds to an exact solution of the model and it is radially symmetric.
In Figure 1 we present the λ dependence of the energy and in Figure 2 we show the profile function f and the energy density for the pure Skyrme model, λ = 0, and the pure Sk6 model, λ = 1. 
Spherically symmetric solutions for the SU (N ) model
In this section we will follow the construction described in [1] , to attempt to construct solutions of the extended SU(N) Skyrme model using a generalisation of the harmonic map ansatz (5).
To build the new ansatz we need to introduce an operator P + which acts on any complex vector u ∈ C N and is defined as
Taking a holomorphic vector h(ξ) we then define P + 0 h = h and by induction
These N vectors are mutually orthogonal [16] and so the corresponding projectors
satisfy the orthogonality relations
as well as other properties discussed in detail in [1] .
The generalised harmonic map ansatz is then defined as
where g k (r) are N − 1 profile functions and A k = e ig k − 1. Moreover for the ansatz to be well defined, the profile functions g k (r) must be a a multiple of 2π at the origin and at infinity.
To proceed with our construction, it is convenient to rewrite the Euler-Lagrange equations of the model (3) using the usual spherical coordinates
where
whereġ j is the derivative of g j (r) with respect to r. Using the complex coordinates ξ and ξ introduced before we have
and the derivatives with respect to θ and ϕ are given by
Substituting the above into equations (15) we get
In [1] it is shown that if one takes the special holomorphic vector
and where C In what follows we will show that the angular dependence of the terms proportional to λ in (19), i.e. the terms coming from the sixth order term, is also coming exclusively from the projectors P i − I N or P i − P i−1 but that we have to impose an extra constraint on the profile functions g i .
We start by noting that
It is then straightforward to check that
where b i , c i and d i are functions of g k only. However, as shown in [1] , if V 0 is given by (20) and (21) then
Furthermore, we have
with e i = e(g i ) and s i = s(g i ). But in equation (19) this term appears as
Since ∂ξ
−3 the only parts of (28) that are non zero are the ones that involve the derivatives of
|V i−1 | 2 with respect toξ. Since it can be shown that the latter are proportional to
, then one sees that the term that involves B r r ξ ξξ in (19) is proportional to (P i − P i−1 ).
Using similar arguments, it is easy to check that the terms involving B r rξ ξξ , B ξξ rξ r , Bξ ξ rξ r , Bξξ r ξ r , B ξ ξ rξ r , B ξξ r ξ r and Bξ ξ r ξ r factorise in the same way.
There are a few terms in (19) which we still have to consider. They involve the expressions
It is clear that these terms will always give a ξ,ξ dependence besides the projectors P i and hence, if we want (19) to reduce to N − 1 equations that involve only the profile functions g i then we have to make sure that (29) and (30) vanish ie we must impose the conditions
This last constraint which is a result of the addition of the sixth order term, implies that we can only consider two profile functions g 0 and g 1 and that we should thus have only two In order to derive the equations for the profile functions, it is convenient to write the energy density of the model in terms of (ξ,ξ):
as well as cos(g) ) the terms in the above expression can be rewritten as
In [1] it was shown that
and from this we see that all the terms in (32) are proportional to (1 + |ξ| 2 ) −2 and that after integrating out the angular dependence the energy reduces to
In and has an energy equal exactly to 
When N = 3, the solution of the 2 equations lead to exact solutions of the model, while for larger values of N, the ansatz (14) corresponds to low-energy configurations.
We would like to point out at this stage that as proved in [1] , the topological charge for the configuration (14) is given by
takes integer values given by the degree in ξ of the wedge product [16] of h and its
Each configuration is thus characterised by the boundary conditions for the profile function F i and we can without loss of generality impose the condition lim r→∞ F i (r) = 0.
For the configuration to be well-defined at the origin we must also impose a condition of the type
where the n i ∈ N.
Radially symmetric SU (3) Solutions
To describe the solution of the SU(3) model, we use the profile F = F 0 and g = F 1 and the energy (40) simplifies to
(46)
The equations for the profile function F and g are then given by
The topological charge of the solution now reads
( 49) and if we take the boundary conditions
where n F and n g are integers, we have B = 2(n f + n g ). When n F and n g are of opposite signs, we can interpret the solutions as a mixture of Skyrmions and anti Skyrmions.
In Table 1 , we give the energy of the hedgehog solution (B = 1) for the SU(2) model.
This solution is an embedded solution of any SU(N) model and it is the solution with the lowest energy. We thus use it as the reference energy for all the other solutions.
In Table 2 we present the properties of the different solutions for the SU(3) models.
The first two columns specify the boundary condition of the solution, and the third columns gives the topological charge of that solution. In column 4 and 5 we give the energy of the solutions for the pure Skyrme model and the pure Sk6 model while column 6 and 7 give the corresponding relative energy per Skyrmion, that is the energy divided by the energy of the single Skyrmion and the total number of Skyrmions. For the solutions corresponding to the superposition of Skyrmions and anti-Skyrmion, we define the total number of Skyrmions as the total number of Skyrmions and anti-Skyrmions. Notice that the cases n g = 0, n F = 1 and n g = 1, n F = 0 correspond to the same solution modulo an internal rotation.
In Figure 3 , we present the energy of the 3 different types of solution as a function of λ. 
6 Low Energy SU (4) Configurations Table 1 : Topological charge and Energy of the hedgehog SU (2) solution.
SU(3)
Total Energy Relative Energy Skyrme model. For the SU(N) model with N ≥ 4, the ansatz still produces low-energy configurations. In particular, when λ is small, we can expect the ansatz to be very close to an exact solution. In this section we look at some configurations of the SU(4) model. For this model, we have three profile functions F 0 , F 1 and F 2 and the energy for the general ansatz (14) is explicitly given by
from which we can derive the following equations
and
Describing the boundary condition for the profile functions as before, F i (0) = n i 2π, the topological charge is given by
In Table 3 we present the energy values of various types of configurations when λ = 0 and λ = 1. We notice that when λ = 0, the solutions are symmetric under the exchange f 0 ↔ f 2 , but that the sixth order term breaks the symmetry. This results in a difference of energy between the configuration with n 0 = 0, n 1 = 0, n2 = 1 and n 0 = 1, n 1 = 0, n2 = 0 as well as between the configurations with n 0 = 1, n 1 = 1, n2 = 0 and n 0 = 0, n 1 = 1, n2 = 1. In Figure 4 , we present the curve for the energy of the configurations as a function of λ.
SU(4)
Total Energy Relative Energy n 0 = 1, n 1 = 1, n 2 = 0; (f) n 0 = 0, n 1 = 1, n 2 = 1.
SU (N ) Low Energy configuration
After inserting the ansatz (5) in the full equation for the SU(N) model, we found that we had only two independent profile functions g 0 and g 1 and that the ansatz would only provide solutions for the SU(3) model. One can nevertheless use the SU(N) ansatz to compute low energy configurations. For example if we consider the reduced ansatz defined by (5) together with the constraint g i = g i+2 and define the profiles F = g 0 − g 1 and g = g N −2 we can minimise the energy (40) and solve the equations for F and g for various boundary conditions. We found that to get configurations corresponding to a bound state, i.e. a configuration with an energy per Skyrmion smaller than the energy of the hedgehog solution, we must take n F = 0 and n g = 1. The energies that we found are given in Table 3 .
Total Energy Relative Energy Table 4 : Topological charge and energy for the reduced ansatz with n F = 0 and n g = 1.
In Figures 5 and 6 we present the profile and the energy density for different values of N and for λ = 0.5. It shows that the energy density has the shape of a hollow sphere of radius r = 0.7 √ N. The profile g has the same shape for all values of N but is shifted to the right as N increases. The profile F on the other hand is also shifted as the shell radius increases, but its amplitude decreases like 1/N 2 ; note that in Figure 6 This implies that g i = g ∀i and the multi-projector ansatz (5) becomes where P N −1 can also be written as
whereh is equal, up to a unitary rotation, to the complex conjugate of the holomorphic vector V 0 defined in (20-21) :h = AV 0 for some A ∈ SU(N) with ∂ ξ A = ∂ξA = 0. This is shown by using the fact that P N −1 is an anti-holomorphic projector [16] and that solving (39) recursively we have
and so |V 
Conclusions
In this paper we have shown how to construct some radially symmetric solutions of the SU(3) sixth order Skyrme model. The construction is similar to the one used for the pure Skyrme model in [1] except that, because of an extra constraint, the construction only works for the SU(3) model. The same ansatz can nevertheless be used to compute low-energy configurations of the SU(N) model. In particular we showed that for every N there is a radially symmetric solution of charge B < N which corresponds to a bound state of Skyrmion.
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